The angular momentum of the Kerr singularity should not be larger than a threshold value so that it is enclosed by an event horizon: The Kerr singularity with the angular momentum exceeding the threshold value is naked. This fact suggests that if the cosmic censorship exists in our universe, an over-spinning body without releasing its angular momentum cannot collapse to spacetime singularities. A simple kinematical estimate of two particles approaching each other supports this expectation and suggest the existence of a minimum size of an over-spinning body.
I. INTRODUCTION
It is a well known fact that the Kerr singularity of mass M is enclosed by an event horizon if and only if its angular momentum J is not larger than a threshold value J max := GM 2 /c, where G and c are Newton's gravitational constant and the speed of light, respectively:
the Kerr singularity with J > J max is necessarily naked (see e.g., Ref. [1] ). If the cosmic censorship conjecture which states that the spacetime singularity produced by the physically reasonable gravitational collapse is enclosed by the event horizon [2, 3] is true, an over-spinning body cannot collapse to spacetime singularities if it does not release its angular momentum. A simple kinematical estimate supports this expectation: If we impose a condition on the total angular momentum J > J max , the impact parameter b of two test particles without any interaction in Minkowski spacetime is bounded below as b > 2GE/c 4 ,
where E is the total energy of the system.
However, it is a very non-trivial question whether an over-spinning body can be so small even for a moment that the geometry around it is almost equal to that of the domain very near the naked singularity in the over-spinning Kerr spacetime. There are several studies on the high-speed collision of two black holes with non-vanishing total angular momentum, but these studies have not payed attention to this issue [4] [5] [6] [7] . In order to get an answer to this problem, we do not need to investigate dynamical processes but it is sufficient to only study the initial data of the Cauchy problem in general relativity. In this paper, we set up the initial data of an axi-symmetric infinitesimally thin shell with the topology of S 2 by numerically solving the constraint equations in the Einstein equations. We assume that the outside of the shell is identical to a spacelike hypersurface of the Kerr spacetime; such initial data was discussed by Corvino and Schoen [8] . We assume that the inside of the shell is vacuum regular space.
The shell is assumed to be located at the constant radial coordinate r = R of the BoyerLindquist coordinates which cover the Kerr domain outside the shell. We investigate how small R can be in the case of the over-spinning shell, J > J max , under the weak, strong and dominant energy conditions which seem to be reasonable for macroscopic matter fields.
Hereafter, we adopt the geometrized units G = c = 1. In this paper, the Greek indices represent spacetime components, whereas the Latin indices donate the spatial components.
II. CONSTRAINT EQUATIONS
A set of the intrinsic metric γ ij , the extrinsic curvature K ij of a spacelike hypersurface Σ 0 , and the energy density and the momentum density of matter fields can be the initial data of the Cauchy problem in general relativity (see e.g. [9] ). We may regard this set as a snapshot of the system.
The intrinsic metric γ ij determines the intrinsic geometry of Σ 0 , whereas the extrinsic curvature K ij determines how Σ 0 is embedded in the spacetime manifold as shown below.
The future directed unit normal to Σ 0 is denoted by n µ = (−α, 0, 0, 0), where α is called the lapse function. The projection operator to Σ 0 is defined as
Note that γ ij = B ij . The extrinsic curvature is defined as
From this definition, we can see that K µν is the spatial tensor, i.e.,
and is rewritten in the form
where D i is the covariant derivative with respect to γ ij , and β i := g 0i is called the shift vector. The energy density ρ and the momentum density J i for normal line observers are defined as
where T µν is the stress-energy tensor of matter or radiation fields.
The initial values must satisfy the constraint equations which are the time-time component and time-space components of the Einstein equations, and the former is called the Hamiltonian constraint, and the latter the momentum constraint. These are written in the
where 3 R is the Ricci scalar of γ ij , and K := γ ij K ij .
III. INITIAL DATA: A SNAPSHOT OF A RAPIDLY ROTATING SHELL
As mentioned, we set up the initial data of a rapidly rotating infinitesimally thin shell with the spherical topology S 2 . The energy density and the momentum density confined on the shell are not fixed prior to solving the constraint equations (6) and (7) in the prescription we adopt. In this section, we show how to obtain the initial data of γ ij and K ij by using the conformal decomposition [10] [11] [12] .
We assume that the system is axi-symmetric and its infinitesimal line element is written in the form
where 0 ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π are spherical polar coordinates. We assume that the infinitesimally thin shell is located at r = R =constant. Hereafter we call
the conformal metric.
In order to define the "size" of the shell without any ambiguities, we assume that the outside of the shell is exactly the initial data of the over-spinning Kerr spacetime, whereas the inside of it is merely regular space. We adopt the Boyer-Lindquist coordinates for the outside Kerr domain, r > R, and hence, by defining the following three functions
the metric functions outside the shell, r > R, are given by
where M and a are the ADM mass and the Kerr parameter, respectively. Note that the ADM mass corresponds to the total energy, whereas Ma is the total angular momentum.
The non-vanishing components of the extrinsic curvature of Σ 0 in the outside Kerr domain, r > R, are given by
where
Of course, the above intrinsic metric and the extrinsic curvature satisfy the constraint equations (6) and (7) with ρ = 0 = J i . As well known, there is a ring singularity at r = 0 in the Kerr spacetime with Boyer-Lindquist coordinates. Hereafter we assume R > 0 so that no spacetime singularity exists outside the shell.
We assume that the inside of the shell, r < R, is vacuum and regular. By defining smoothed step function as
with a constant L which satisfies 0 < L < R, we assume that the metric functions A, B and
where Ψ is a positive constant, whereas the conformal factor φ(r, θ) will be determined by solving the constraint equations.
Since the trace of the extrinsic curvature vanishes in the outside region r > R, we assume the same situation in the inside region r < R. We write the extrinsic curvature in the form
where |j is the covariant derivative with respect to the conformal metric λ ij and
Substituting the above expression into the momentum constraint (7) with J i = 0, we have
Here, we assume
which leads to the similar non-trivial components to those outside the shell,
In accordance with Israel's formalism [13] , the derivative normal to the shell of the spacetime metric does not have to be single valued on the shell but only be finite there, and the same is true for the extrinsic curvature K ij . Hence, the above non-trivial components (26) do not have to be continuous at the shell r = R. From the assumption (25), the momentum constraint (24) takes the following form;
The above equation is an elliptic type differential equation for X ϕ . It is a practically very important fact that there is no conformal factor φ in Eq. (27): We can solve Eq. (27) without solving the Hamiltonian constraint (6).
In order to get a meaningful solution of Eq. (27), we should impose an appropriate boundary condition on r = R. If we impose the continuity of the extrinsic curvature across r = R, we have from Eqs. (16) and (26) the following two conditions
The former condition comes from the continuity of K rϕ , whereas the latter one comes from
Since the other components vanish identically in the both inside and outside of the shell, the continuities of those components are trivially guaranteed. The condition (28) is the Neumann type, whereas the condition (29) is the Dirichlet type since, by integrating (29) with respect to θ, we obtain
where we have chosen the integration constant so that X ϕ (R, 0) = 0. We can not impose both of them at once; we will adopt the boundary condition (29) or equivalently (30). In the next section, the reason why we adopt the condition (30) will be made clear.
Substituting Eqs. (8) and (23) into Eq. (6) with ρ = 0, we obtain an elliptic type differential equation for the conformal factor φ:
where R is the Ricci scalar of the conformal metric λ ij . After some manipulations, we obtain
By solving Eqs. (27) and (31), we can determine the initial values of γ ij and K ij in r < R.
Since the intrinsic metric should be continuous at r = R, the boundary condition on Eq. (31) should be the following Dirichlet type one;
We should note that the first order derivative of φ with respect to r will be discontinuous at r = R. Since every non-vanishing component of the conformal metric λ ij is C 5 function [see Eqs. (19) - (22)], the first order derivative of the intrinsic metric γ ij with respect to r is not continuous at r = R. Since we do not impose the boundary condition (28) on Eq. (27), K rϕ will not be single-valued. The discontinuity of γ ij and the double-valued component K rϕ imply the existence of a distributional source at r = R. In the next section, we show
how to see what kind of matter are confined on r = R.
IV. THE SURFACE STRESS-ENERGY TENSOR
In this section, we show how to know the surface stress-energy tensor of the shell at r = R through Israel's formalism [13] .
The world volume of an infinitesimally thin shell will be a singular timelike hypersurface Σ s . We assume that the initial data corresponds to a moment at which the "size" of the shell is extremum: It may be a moment of a bounce due to its large angular momentum.
This assumption implies that the timelike unit normal n µ of the spacelike hypersurface Σ 0 is tangent to Σ s (see Fig. 1 ). Here note that this assumption restricts not only the initial situation but also partly the time evolution. As a consequence of this assumption, the stress of the matter field composed of the shell is partly determined in the present setting of the initial data although the information about the stress of the matter field is not necessary for only setting up the initial data.
The projection operator to Σ s is defined as@
where r µ is the unit normal to Σ s . The extrinsic curvature of Σ s is defined as
Then, Israel's condition of the metric junction is given in the form
where, denoting a quantity evaluated just outside the shell by a symbol with + and that evaluated just inside the shell by the symbol with −, we have defined
The quantity S µν in the right hand side of Eq. (37) can be regarded as the surface stressenergy tensor of the shell through Einstein's equations.
We introduce a tetrad basis on the shell. In order to write explicitly their components with respect to the coordinate basis, we need to fix the spacetime coordinates, i.e., the lapse function and the shift vector. We adopt a coordinate condition in which g 0µ is equal to The situation we consider is depicted. Note that the trajectory of the infinitesimally thin shell depicted in this figure is speculative since we have not studied its dynamical evolution. Our interest is focused on the only moment at which the size of the shell is extremum.
(−1, 0, 0, 0), i.e., the Gaussian normal coordinates. Then, we define the tetrad basis as
By using the above tetrad basis, the projection operator is written in the form
Through straightforward manipulations, we obtain the tetrad components of S µν corresponding to the energy density and the momentum density as
The information about the stress of material fields on the shell is not necessary in fixing the initial value. However, as mentioned a bit, since we have assumed that the unit vector n µ normal to Σ 0 is tangent to Σ s , the stress for normal line observers has partly been determined. We have
and
Hence, from Eq. (37) and the above results, we obtain
The above results imply that the surface stress-energy tensor takes the following form;
.
It should be noted that p has never been determined yet since Q (n)(n) is not determined in the present initial data [See Eq. (49)].
From the above results, we can see that the junction condition (37) does not imply the The obtained solutions should satisfy the following conditions. The conformal factor φ should be positive and finite in r < R. In Appendix A, we discuss the weak energy condition (WEC), the strong energy condition (SEC) and the dominant energy condition (DEC) [1] in the case of the present surface stress-energy tensor (51). All of WEC, SEC and DEC are satisfied only if
As long as the above inequality holds, the appropriate p guarantees all of the energy conditions. If the equality in Eq. (54) is satisfied, p should be equal to σ/2, and S αβ takes the following form,
The detail of the derivation is shown in Appendix A.
V. NUMERICAL RESULT AND DISCUSSION
We numerically solve the constraint equations (27) and (31). We solve the momentum constraint (27) first and then, after substituting the solution of (27) into the Hamiltonian constraint (31), we solve Eq. (31) and obtain its solution. We adopt the finite difference method of the second order accuracy. We denote the grid number for the domain 0 < r < R by N r and for the domain 0 < θ < π/2 by N θ . We take N r = 1000 and N θ = 100 in typical run, but N r = 2000 and N θ = 200 in case that Ψ, L/R or R/M is small. The reason why the grid number in r-direction is much larger than that for θ-direction is that the Ricci scalar R is a very steep function of r. We invoke the ILUCGS method for the matrix inversions to solve elliptic type differential equations. In order to check the numerical code, we have seen the convergence of solutions with grid number increased: See Fig. 2 .
The surface energy density σ is positive in all our numerical calculations. In Fig. 3 , the ratio of j to σ is depicted as a function of θ for various radii R with a = 2M, L = 0.5R and Ψ = 0.2. We see from this figure that the maximal value of |j|/σ is equal to the value of j/σ at the equator θ = π/2. This is true for all our numerical calculations. The other important tendency is that the smaller the radius of the shell R is, the larger the maximal value of |j|/σ is. We can see from taking adequate value of Ψ or L.
In Fig. 4 , we depict the maximal value of |j|/σ, i.e., j/σ at θ = π/2 as a function of Ψ for three cases R = 0.25M, 0.5M and 0.75M, where we assume L = 0.5R and a = 2M. We see from this figure that the smaller Ψ is, the smaller the maximal value of |j|/σ is. It is worthwhile to notice that the energy condition (54) is satisfied even in the case of R = 0.25M if we choose Ψ 9 × 10 −2 . In Fig. 5 , we depict j/σ at θ = π/2 as a function of L for three cases R = 0.25M, 0.5M and 0.75M, where we assume Ψ = 10 −1 . We can see from this figure that the smaller L is, the smaller j/σ at θ = π/2 is.
In Appendices B and C, we discuss the behavior of the solutions of the momentum and
Hamiltonian constraints in the limit of L → 0 and show that σ may become arbitrarily large in this limit, whereas |j| is bounded above. This means that the energy conditions may hold despite the value of R, a and Ψ as long as R > 0, a > M and 0 < Ψ < 1, if L takes a sufficiently small value. Our numerical results are consistent with these estimates, but due to the limitation of the numerical resolution, we have not yet seen the asymptotic behavior expected from the discussions in Appendices B and C. Hence, exactly speaking, it is still an open question whether the energy conditions necessarily hold for sufficiently small L, but no lower bound on R has been found in our numerical results. In the case of a = M(1 + ǫ) with 0 < ǫ ≪ 1, the value of ∆/M 2 at r = M is equal to ǫ(2 + ǫ) which is much less than unity. This implies that, as pointed out by Patil and Joshi [14] , collisions of test particles with the trans-Planckian energy in their center of mass frame occur at r ≃ M in the Kerr domain, since the collision energy is proportional to ∆ −1/2 at their collision event. Here we should note that, in contrast with the situation supposed by Patil and Joshi, the initial data we consider will not be a snapshot of a stationary configuration, and hence the trans-Planckian collisions of test particles may be allowed for only short time interval in the present case.
Finally, it is worthwhile to notice that the geometrical size of the shell is not necessarily small even in the case of R ≪ M. Even in the limit of R → 0, the geometrical size of the shell is finite: See Appendix D. Our result is consistent with the hoop conjecture which states that a black hole with horizon forms when and only when the mass M gets compacted in the region whose circumference C measured in every direction satisfies C ≤ 4πM [15] .
VI. SUMMARY AND DISCUSSION
We studied how small a rapidly rotating body can be by investigating the initial data which is a snapshot of a rotating infinitesimally thin shell with a spherical topology: The exterior of the shell is set up so that its intrinsic and extrinsic geometries are completely the same as that of the Kerr spacetime with the over-threshold angular momentum a > M, whereas the interior of the shell is determined by solving numerically the constraint equations. In this set of initial data, the shell is located on r = R, where r is the radial coordinate in the Boyer-Lindquist coordinate system and R is a positive constant.
In the present numerical results, no lower bound on R of the over-spinning shell has been found. This result suggests that it is physically meaningful to study the dynamics of test particles and test fields in the domain close to the naked singularity in the over-spinning Kerr spacetime, even though the cosmic censorship conjecture is true: Phenomenon similar to the Patil-Joshi process may occur even without Kerr naked singularities.
Since the exterior domain of the shell is the same as a spacelike hypersurface of the overspinning Kerr spacetime, the Kretschmann invariant K in the exterior of the shell is given However the existence of the Kerr domains depicted in this figure by shaded regions is not a speculation but a definite fact.
in the Boyer-Lindquist coordinates. Just outside the shell, K diverges in the limit of R → 0 at the equator θ = π/2: This corresponds to well known ring singularity of the Kerr spacetime [19] . The complementary set of the causal future of the shell is equivalent to the over-spinning Kerr spacetime (see Fig. 7 ), just outside of the shell is not enclosed by the event horizon however large the Weyl invariants is there. Our present results imply a possibility of the formation of a spacetime border [16] by an over-spinning body.
From a point of view of the observation of superstringy effects, Gimon and Hořva discuss a superspinar, which is a compact object with the angular momentum larger than the threshold value J max [17] . They do not expect the astrophysical formation of a superspinar and suggest the formation in very early universe. Our present result suggests a possibility of a superspinar through the shrinkage of a massive body, since the stringy effect will be important in the neighborhood of the over-spinning shell with very small R, although this issue is outside the scope of the present paper. We can rewrite Eq. (51) in the following diagonalized form:
and, defining the following quantity
λ ± and v α ± are given in the form
Since it is believed that the stress-energy tensor of a physically reasonable material field except for a null fluid has real eigen values, we assume
We can easily see
Equation (A7) implies that λ + corresponds to the energy density in the case of ω > 0, whereas λ − corresponds to the energy density in the case of ω < 0.
We see what restrictions are imposed on σ, j and p by the weak, strong and dominant energy conditions (see e.g., Ref.
[1] about the energy conditions).
Weak energy condition
We consider the case of ω < 0 first. As mentioned, in this case, λ − is the energy density, and hence the weak energy condition (WEC) is equivalent to the following set of inequalities:
From Eqs. (A2), (A3), (A4) and the assumption of ω < 0, we have
The above result implies that the inequality ω < 0 contradicts WEC.
Hereafter we assume ω ≥ 0. Then, Eq. (A6) becomes
Since λ + corresponds to the energy density in the case of ω > 0, WEC is equivalent to the following set of inequalities:
From Eqs. (A2), (A3) and (A4), we have
Since both of ω and µ are positive, the conditions (A14) and (A15) are necessarily satisfied.
Thus, the set of inequalities (A12) and (A13) is equivalent to WEC, or equivalently,
Strong energy condition
In the case of ω < 0, the strong energy condition (SEC) is equivalent to the set of inequalities (A6), (A9), (A10) and
As in the case of WEC, the condition (A10) contradicts the assumption ω < 0, and hence ω ≥ 0 should hold. Then, SEC is equivalent to the set of inequalities (A12), (A14), (A15) and
We have
and hence µ + p ≥ 0 should be satisfied so that the condition (A18) holds. Since Eqs. (A14) and (A15) are trivially satisfied, SEC is equivalent to the following set of inequalities,
Dominant energy condition
In the case of ω < 0, the dominant energy condition (DEC) is equivalent to
Equation (A20) leads to λ − ≥ 0 and hence by definition of λ ± , we have λ
However, the inequality λ + > λ − > 0 contradicts Eq. (A20). Hence, ω ≥ 0 should hold, and DEC is equivalent to ω > 2|j| and
It is not so difficult to see that the inequality (A22) is satisfied if and only if p ≤ ω/2. If p is negative, Eq. (A23) is satisfied by virtue of the non-negativity of ω. For p ≥ 0, Eq. (A23) leads to p ≤ (ω + µ)/4. Because of the inequality ω ≥ µ, if p ≤ (ω + µ)/4 is satisfied, p ≤ ω/2 is also satisfied. Thus, DEC is equivalent to the following set of inequalities,
Intersection of WEC, SEC and DEC
As a result, we can see that all of WEC, SEC and DEC are satisfied at once if and only if the following set of inequalities holds;
Equation (A24) leads to
The half of Eq. (A25), i.e., −µ ≤ p leads to p ≥ 0, or if p < 0, then
Hence, the intersection of Eq. (A26) and −µ < p is given by
The other half of Eq. (A25), i.e., p ≤ (ω + µ)/4 leads to σ > 3p, or if σ ≤ 3p, then since ω ≤ 4p, p is necessarily non-negative, and hence we have
Hence the intersection of Eqs. (A26) and p ≤ (ω + µ)/4 is given by
As a result, the WEC, SEC and DEC are satisfied, if and only if the following set of inequalities is satisfied;
We find that the minimal value of σ is given by the positive minimum of the function
all of WEC, SEC and DEC is satisfied by the appropriate choice of p, only if
holds.
Positivity of the stress
As mentioned, if we assume ω > 0, −λ − is the stress. We show the condition that the stress −λ − is non-negative in the domain specified by Eqs. (A33)-(A35). The condition of the non-negative −λ − is equivalent to the inequality, σ − p ≤ µ. In the intersection of σ − p ≤ µ and the domain specified by Eqs. (A33)-(A35), σ − p is non-negative and hence we have (σ − p) 2 ≤ µ 2 , or equivalently, pσ ≥ j 2 . The intersection between pσ ≥ j 2 and Eqs.
(A33)-(A35) is given by
and there is no intersection in the domain of p ≤ 0. In the domain specified by Eqs. (A37) and (A38), all of WEC, SEC and DEC hold and both of the stresses −λ − and p are positive.
By integrating Eq. (27) from r = R − L to r = R, we have
In the limit of L → 0, the momentum constraint (27) takes a very simple form in the domain 0 ≤ r < R:
If we solve Eq. (B2) by assuming X ϕ | r=R−0 = X ϕ | r=R and imposing the boundary condition (30), we get a regular solution in the domain 0 ≤ r ≤ R with finite ∂X ϕ /∂r| r=R−0 . Furthermore, since even in the limit of L → 0, all metric variables and X ϕ and their derivatives with respect to θ will be finite in the domain R − L < r < R, the integral in the last equality of Eq. (B1) vanishes in the limit of L → 0. Thus, we have
Eq. (B3) implies that ∂X ϕ /∂r| r=R is finite, and hence the surface angular momentum density j is finite even in the limit of L → 0: See Eq. (53).
Since ∂X ϕ /∂r is finite in the neighborhood of r = R, we have
The above result is consistent with our assumption
Integrals T 2 and T 3 vanish in the limit of L → 0, since their integrands are finite, but T 1 does not, as shown below. We have
It should be noted that T 12 vanishes in the limit of L → 0.
By two times of the integration by part in Eq. (C5), we have
where in the last inequality, we have used the Hamiltonian constraint (31). Then, from
Eq. (C7), we have
Here it should be noted that, in the limit of L → 0,
where ϑ(x) is Heaviside's step function with ϑ(0) = 1/2, and δ(x) is Dirac's delta function.
Hereafter, we choose 0 < Ψ < 1. By this choice, the coefficients of Dirac's delta functions in Eqs. (C9) and (C10) are always positive. Then, we obtain
We should also note that, for L → 0, 
where Φ(θ) is some regular function, although it is very non-trivial whether this assumption holds in the present situation. In the limit of L → 0, the Hamiltonian constraint in the domain 0 ≤ r < R becomes 
Here we should note that λ il λ jm (LX) ij (LX) lm is finite even in the limit of L → 0 (see Appendix B). Then, if the assumption (C15) holds, since Eq. (C15) gives a Dirichret boundary condition, the solution of Eq. (C16) with the finite radial derivative ∂ r φ| r=R−0 exists. Hence, from Eqs. (C7), (C11) and (C13), we have, for 0 < L ≪ R,
where 
Here we will not present a rigorous proof of the consistency of the assumption (C15).
However, on the ground of the dimensional analysis, this assumption seems to be reasonable.
In the situation of 0 < L ≪ R, we will have
where F 2 is a positive function of θ. From Eqs. (C1), (C17) and the above estimate, we have, for 0 < L ≪ R,
where F 3 is a function of θ. Hence, the consistency condition (C18) may holds.
From the above considerations, we may have
since σ is proportional to ∂ r φ| r=R from Eq. (52). Hence, if we adopt sufficiently small L, the energy conditions may be satisfied despite the values of R and a as long as R > 0 and a > M.
Appendix D: The geometrical size of the shell
The circumference C e of the equator θ = π/2 of the shell is given by C e (R) = 2πR C(R, π/2) = 2π R 2 + a 2 + 2Ma 2 R .
We can easily see that C e takes a minimum value 2π 3(Ma 2 ) 2/3 + a 2 at R = (Ma 2 ) 1/3 . If a > M, C e is larger than 4πM; this is consistent to the hoop conjecture [15] . The circumferential length in the meridian direction C m is given by
where E(k) is the complete elliptic integral of the second kind. Since E(k) is monotonically decreasing with respect to k, the minimal value of C m is equal to 4a achieved at R = 0. The area of the shell A s is given by 
The minimal value of A s is equal to 2πa 2 achieved at R = 0. Hence, in this sense, the size of the shell is bounded below in the present case: see Fig 8. 
